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Abstract 
The deformation work rate can be expressed by the time rate of pair functional potentials which describe the energy of materi-
als in terms of atomic bonds and atom embedding interactions. According to Cauchy-Born rule, the relations between the micro-
scopic deformations of atomic bonds and electron gas and macroscopic deformation are established. Further, atomic bonds are 
grouped according to their directions, and atomic bonds in the same direction are simplified as a spring-bundle component. Atom 
embedding interactions in unit reference volume are simplified as a cubage component. Consequently, a material model com-
posed of spring-bundle components and a cubage component is established. Since the essence of damage is the decrease and loss 
of atomic bonding forces, the damage effect can be reflected by the response functions of these two kinds of components. For-
mulating the mechanical responses of two kinds of components, the corresponding elasto-damage constitutive equations are de-
rived. Considering that slip is the main plastic deformation mechanism of polycrystalline metals, the slip systems of crystal are 
extended to polycrystalline, and the slip components are proposed to describe the plastic deformation. Based on the decomposi-
tion of deformation gradient and combining the plastic response with the elasto-damage one, the elasto-plastic damage constitu-
tive equations are derived. As a result, a material model formulated with spring-bundle components, a cubage component and 
slip components is established. Different from phenomenological constitutive theories, the mechanical property of materials 
depends on the property of components rather than that directly obtained on the representative volume element. The effect of 
finite deformation is taken into account in this model. Parameter calibration procedure and the basic characteristics of this model 
are discussed. 
Keywords: elasto-plastic damage constitutive relation; finite deformation; pair functional potentials; Cauchy-Born rule; slip 
mechanism; component assembling model 
1. Introduction1
Elasto-plastic damage constitutive models are 
imperatively needed in the reliability analysis and ul-
timate bearing capacity analysis for aeronautical 
structure design. Considerable progress has been made 
in recent years in the field of describing the mechanical 
behavior of aeronautical materials[1-2]. However, as de-
formation goes beyond the elastic range, damage in-
duced anisotropy and the phenomenon of material re-
sponse depending on its deformation history[3-4] will be 
induced, which is difficult to be described with phe-
nomenological models. Moreover, it is complicated to 
directly describe the strain-stress relations in six-di- 
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mensional space. Traditionally, it is simple and effi-
cient to introduce energy potentials into constitutive 
relation research[5]. In phenomenological continuum 
models which is still predominating the simulation of 
practical problems, damage and plastic potentials are 
usually introduced simultaneously to obtain the 
elasto-plastic damage constitutive relations[6-7]. If the 
energy potentials are chosen suitably, it is possible to 
account for the behavior of elasto-plastic damage de-
formation. Unfortunately, it is difficult to choose ap-
propriate energy potentials, especially for one that can 
deal with complex loading and deformation induced 
anisotropy[8]. 
On the other hand, though the material deformation 
is very complicated, its mechanical behavior is related 
in direct way to the characteristics of its microstructure 
and the evolution of microstructure [5,9-10]. Therefore, 
the microscopic physical models involving the know- 
ledge about microstructure of materials have been 
widely used[11-13]. Physical models based on microme-
chanics are advantageous to give an insight into the 
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microscopic behavior of materials, but the complexity 
of microstructure and deformation mechanisms of real 
materials will limit their practicality. 
Recently, an increasing number of researchers have 
concentrated efforts on developing continuum models 
incorporating information obtained from the micro-
scopic level, which combine the advantages of con-
tinuum models and physical models. As a kind of en-
ergy potentials, interatomic potentials give a descrip-
tion of energy in terms of atomic interactions and re-
flect the microstructure of materials. Therefore, it is 
appealing to set up material models based on intera-
tomic potentials. Some achievements have been made 
following this approach, such as the pair poten-
tials-based virtual internal bond (VIB) model[14] and 
the pair functional potentials-based quasi-continuum 
(QC) model[15-16]. These two models describe the me-
chanical response of a huge number of atoms within 
the framework of continuum mechanics and have been 
successfully utilized to deal with the issues of crack 
nucleation and growth[17-18]. 
It seems that it is attractive and possible to set up a 
constitutive model that has the following characteris-
tics: 1) it is based on the practical deformation mecha-
nism of materials and incorporates the knowledge 
about the microstructure of materials; 2) it can de-
scribe the mechanical behavior of whole deformation 
process including elasticity, plasticity, damage and 
failure; 3) it can be applied to complex loading with 
finite deformation; 4) it can describe the anisotropic 
property of material and the phenomenon of material 
response depending on its deformation history. 
In applications, material deformation range usually 
exceeds the applicable scope of infinitesimal constitu-
tive relation, such as sheet metal processing[19-20]. 
Therefore, it is necessary to develop material model 
which takes finite deformation into account. S. C. 
Deng, et al.[21-24] proposed component assembling 
model based on pair functional potentials under infini-
tesimal deformation condition, and the model was ap-
plied to describe the mechanical behavior of materials 
and structures. In this article, the component assem-
bling model is directly established under finite defor-
mation condition. 
The remainder of this article is organized as follows. 
In Section 2, a material model composed of 
spring-bundle and cubage components is established 
elaborately, and its characteristics are discussed. In 
Section 3, the elasto-damage constitutive equations of 
the proposed model are derived under finite deforma-
tion condition. Further, the reduced constitutive equa-
tions are derived under infinitesimal deformation con-
dition and compared with that directly derived under 
infinitesimal deformation condition established previ-
ously. In Section 4, slip components are proposed to 
describe the plastic deformation. Decomposing the 
deformation gradient into the elastic and plastic parts 
and combining the elasto-damage constitutive relation 
with the plastic one, the elasto-plastic damage consti-
tutive equations are derived. In Section 5, the calibra-
tion of model parameters is illustrated through a tensile 
case. In the last Section, the basic characteristics of 
this model assembling with the spring-bundle compo-
nents, a cubage component and slip components are 
discussed.  
2. Material Model 
This section will directly establish the material 
model in the framework of finite deformation. The 
basic mechanism and concept of components are simi-
lar to those of the model established under the condi-
tion of infinitesimal deformation[22]. However, since 
the strain and stress are defined in the framework of 
continuum mechanics, the relations between the mac-
roscopic stress and the forces of two kinds of compo-
nents and between the macroscopic strain and the de-
formations of two kinds of components are different 
from those under the condition of infinitesimal 
deformation. 
2.1. Time rate of total energy 
Pair functional potentials[5] describe the energy of 
materials in terms of atomic bonds and atom embed-
ding interactions. As a kind of energy potentials which 
not only describe the interactions between atoms but 
also reflect the interactions between atoms and elec-
trons, the pair functional potentials have been com-
prehensively verified and used. Moreover, it still holds 
under relatively large deformation and will be able to 
function as energy potential to develop the constitutive 
theory in the case of finite deformation. 
According to the theory of pair functional potentials, 
the total energy of materials is divided into two parts. 
One part is pair potential representing the Coulombic 
repulsive interactions among atomic nucleus and de-
pending only on the atomic spacing r(D,E), and the Cou-
lombic repulsive interaction between atoms D and E is 
denoted by I (r(D,E)). The other is embedding potential 
modeling the interactions of that atoms embedded into 
the “electron sea”, which is a function of the local 
electron density U (D), and the energy cost to deposit an 
electron into a homogeneous electron gas of desnity U (D) 
is F(U (D)) . The total energy is expressed as 
( , ) ( )
tot C V
1 ( ) ( )
2
E E E r FD E D
D E D
I U   ¦¦ ¦   (1a) 
where the pair potential and embedding potential are 
respectively expressed as 
 
( , )
C
1 ( )
2
E r D E
D E
I ¦¦  (1b) 
and 
 
( )
V ( )E F
D
D
U ¦  (1c) 
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Let r(D,E) be the distance between atoms D and E, and 
its initial value is ( , )0r
D E . The extension ratio of atomic 
bond can be defined as 
 
( , )
( , )
( , )
0
ln r
r
D ED E
D EO   (2) 
so that 
 
( , )( , ) ( , )
0 er r
D ED E D E O  (3) 
From Eq.(1b), the time rate of pair potential is given 
by 
( , )
C ( , )
1
2
E D ED ED E
I OO
w  w¦¦   
( , )( , ) ( , )
0( , )
1 e
2
r
r
D ED E O D E
D ED E
I Ow  w¦¦   
( , ) ( , )1 ( )
2
f D E D E
D E
O O¦¦              (4) 
where ( , )( )f D EO  is regarded as the atomic bonding 
force response function, and 
 
( , )( , ) ( , )
0( , ) ( , )( ) ef rr
D ED E D E O
D E D E
I IO O
w w  w w
   (5) 
Analogously, the initial value of U(D) is ( )0DU . The 
volumetric deformation ratio can be defined as 
 
( )
( ) 0
( )ln
DD
D
UT U  (6) 
so that, 
 
( )( ) ( )
0 e
DD D TU U   (7) 
From Eq.(1c), the time rate of embedding potential 
is given by 
( )
V ( )
FE DDD
TT
w  w¦   
( )( ) ( )
0( ) e
F DD T D
DD
U TU
w  w¦   
( ) ( )( )p D D
D
T T¦               (8) 
where ( )( )p DT  is regarded as the volumetric force 
response function, and 
 
( )( ) ( )
0( ) ( )( ) e
F Fp
DD D T
D DT UT U
w w  w w  (9) 
By combining Eq.(4) and Eq.(8), the time rate of 
total energy is 
( , ) ( , ) ( ) ( )
tot
1 ( ) ( )
2
E f pD E D E D D
D E D
O O T T ¦¦ ¦     (10) 
Eq.(10) indicates that the time rate of total energy is 
a function of atomic bonding force response function 
( , )( )f D EO and volumetric force response function 
p (T (D)), and vary with the extension ratio of atomic 
bond O(D,E) and volumetric deformation ratio T (D) re-
spectively. 
2.2. Material model 
Now, we discuss the element within the continuum 
material. The relations between the extension ratios of 
atomic bonds and volumetric deformation ratio with 
the continuum deformation field are established so that 
the deformation work rate can be described in terms of 
macroscopic deformation.  
We define the initial undeformed state as reference 
configuration and the deformed state as current con-
figuration. Considering a material element with unit 
volume in reference configuration, the deformation 
work is expressed as 
          tot totdef undefW E E          (11) 
where Etot|def and Etot|undef denote the total energy of 
current and reference configurations respectively. Us-
ing Eq.(10), the deformation work rate is given by 
tot C Vdef
W E W W         
( , ) ( , ) ( ) ( )1 ( ) ( )
2
f pD E D E D D
D E D
O O T T¦¦ ¦     (12a) 
Corresponding to the two parts of pair functional po-
tentials, the deformation work rate is also composed of 
two parts. One part is the contribution of pair potential, 
      
( , ) ( , )
C
1 ( )
2
W f D E D E
D E
O O ¦¦         (12b) 
and the other is the contribution of embedding poten-
tial, 
           
( ) ( )
V ( )W p
D D
D
T T ¦            (12c) 
It can be seen from Eq.(12b) and Eq.(12c) that the 
calculation of CW  needs to run over all the atomic 
bonds and that of VW  needs to run over all the atoms. 
Since the material element consists of a huge number 
of atoms, the number of kinematic degree of freedoms 
is too large. 
For solid materials, Cauchy-Born rule[25] builds a 
bridge between microscopic movements and macro-
scopic deformations. It asserts that the atoms in a ma-
terial subject to a homogeneous deformation move 
according to a single mapping from the undeformed 
configuration to the deformed configuration, as shown 
in Fig.1. 
 
Fig.1  Schematic of Cauchy-Born rule. 
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As to the atomic bond between atoms D and E, the 
extension ratio of this atomic bond is O(D,E). Let N be 
the direction of atomic bond and O(N) be the macro-
scopic extension ratio in this direction. Then, ac-
cording to Cauchy-Born rule, it holds that 
                 ( , ) ( )D EO O N            (13) 
Eq.(13) indicates that the atomic bonds in the same 
direction follow the same deformation history which is 
identical to the macroscopic deformation in this direc-
tion, as shown in Fig.1. Therefore, it is feasible to 
group atomic bonds according to their directions as 
shown in Fig.2(a). Considering a unit volume element 
of the reference configuration, the extension ratios of 
atomic bonds in the neighborhood of a little solid an-
gle ( )0( )
s:'  in the N (s) direction are assumed to be 
the same as the extension ratio in the N (s) direction. 
The contribution of atomic bonds in this neighborhood 
to the deformation work rate is 
( , ) ( )
( ) ( , ) ( , ) ( ) ( )
C
//
1 ( ) ( )
2 s
s s sW f f
D E
D E D EO O O O  ¦   
N N
 (14)       
where the notion of sum denotes the summing of 
atomic bonds in the neighborhood of ( )0( )
s:'  in the 
N(s) direction, and f (O (s)) denotes the summation of 
atomic bonding forces in this neighborhood, 
( , ) ( )
( ) ( , )
//
1( ) ( )
2 s
sf f
D E
D EO O  ¦ 
N N
 
( , )
( , ) ( )
( , )
0( , )
//
1 e
2 s
r
r
D E
D E
D E O
D E
Iw
w¦N N        (15) 
Therefore, the atomic bonds in the ( )0( )
s:'  neighbor-
hood of N (s) direction follow the same deformation 
history and can be grouped together. All the atomic 
bonds in the ( )0( )
s:'  neighborhood of N (s) direction 
can be represented by a spring-bundle component. The 
summation of atomic bonding forces in this 
neighborhood corresponds to the force of this 
spring-bundle component, and the extension ratio of 
atomic bonds corresponds to the deformation of this 
spring-bundle component. Since the pair potential 
changes with the atomic spacing only, spring-bundle 
component only bears tension or compression being 
decomposed into the direction of this component. Its 
force response function f (O (s)) is expressed by 
Eq.(15). 
 
 
Fig.2  Configuration of spring-bundle components. 
All directions in space can be divided into 
neighborhoods of n discrete representative directions, 
and each direction corresponds to a spring-bundle 
component. Consequently, the part of the deformation 
work rate CW  originating from pair potential can be 
expressed as the summation of contributions of all 
spring-bundle components, 
       ( ) ( ) ( )C C
1 1
( )
n n
s s s
s s
W W f O O
  
  ¦ ¦          (16) 
The representative directions and their neighbor-
hoods of one eighth spherical surface can be seen in 
Fig.2(b). The number of spring-bundle components 
will influence calculation precision and cost. The more 
the number is, the higher the calculation precision is. 
Continuum material element consists of a huge 
number of atoms, and the directions of atomic bonds 
are distributed randomly. Therefore, for homogeneous 
continuum materials, the directions of atomic bonds 
spread over the whole space continuously. As the 
number of spring-bundle components tends to be infi-
nite, Eq.(16) will transform to the accurate expression 
of integral equation 
             C
ˆ ( ) dW f
:
O O :³=             (17) 
where ˆ ( )f O  is the summation of atomic bonding 
forces per unit solid angle. 
The dimension of material element is much larger 
than that of atom with statistically uniform property. It 
is assumed that the electron density is homogeneous 
within the element and therefore it is identical for that 
at every atom. Accordingly, the volumetric deforma-
tion ratio and volumetric force response function are 
also the same for every atom. In continuum deforma-
tion field, the volumetric deformation ratio is taken as 
T. According to Cauchy-Born rule, there is 
                ( )DT T                 (18) 
Therefore, the other part of the deformation work 
rate VW  originating from embedding potential can be 
simplified as 
        
( ) ( )
V ( ) ( )W p p
D D
D
T T T T  ¦          (19) 
where p(T ) denotes the summation of volumetric 
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forces in unit reference volume,  
   
( )( ) ( )
0( )( ) ( ) e
Fp p
DD D T
DD D
T T UU
w   w¦ ¦   (20) 
Consequently, VW  has only one generalized degree 
of freedom T, and the atom embedding interaction can 
be represented by a cubage component. The deforma-
tion of the cubage component is volumetric deforma-
tion ratio T, and its force p(T ) is expressed by Eq.(20). 
Since the embedding potential only responds to the 
volumetric deformation, the cubage component only 
bears hydrostatic stress. 
By combining Eq.(16) and Eq.(19), the total defor-
mation work rate can be described as 
( ) ( )
1
( ) ( )
n
s s
s
W f pO O T T
 
 ¦           (21) 
Thereby, a material model composed of spring- 
bundle components and a cubage component is estab-
lished. Spring-bundle components are distributed dis-
cretely over all spatial orientations. A single 
spring-bundle component only bears tension or com-
pression in its direction. The deformation of each 
spring-bundle component is the extension ratio in its 
direction, and its force is the summation of forces of 
atomic bonds represented by this component. The 
force response function of spring-bundle components 
reflects the part of pair potential in pair functional po-
tentials and is expressed by Eq.(15). There is only one 
cubage component, and its deformation is the volu-
metric deformation ratio and its force is the summation 
of volumetric forces in unit reference volume. The 
force response function of cubage component reflects 
the part of embedding potential in pair functional po-
tentials and is expressed by Eq.(20). The derivation of 
this model is based on pair functional potentials and 
Cauchy-Born rule, so this material model embodies the 
description of material properties by pair functional 
potentials and Cauchy-Born rule. 
Theoretically, once the expression of pair functional 
potentials has been specified for practical materials, 
the force response functions of spring-bundle and 
cubage components are determined by Eq.(15) and 
Eq.(20). Alternatively, the response functions of these 
two kinds of components can also be calibrated by 
macroscopic experimental results. 
The proposed model has a microstructure composed 
of spring-bundle components spreading over all direc-
tions and a cubage component. It has following char-
acteristics: 
(1) Though every spring-bundle component or cub-
age component has a single degree of freedom of de-
formation, the assembly of these two kinds of compo-
nents can describe the complex three-dimensional 
deformation of materials. 
(2) The proposed approach can better model the 
anisotropic material due to the following two reasons: 
(a) the state variables of spring-bundle components 
(the maximum and minimum deformations experi-
enced by spring-bundle components) are naturally dif-
ferent for the different orientations of spring-bundle 
components related to the applied loads. Since the 
stiffness of components is strain-dependent, this may 
lead to different properties for different spring-bundle 
components. Thus, the applied stress may create ani-
sotropic property for the material in a natural manner; 
(b) the evolution of the state variables is attained di-
rectly through the applied stress bearing by spring- 
bundle components. 
(3) The state variables of spring-bundle components 
record the deformation history of materials and makes 
it possible to reflect the influence of loading path. 
Therefore, the model has the potential to address the 
issue of complex loading. 
(4) Since the essence of damage is the decrease and 
loss of atomic bonding forces, the damage effect can 
be reflected by the force response functions of 
spring-bundle and cubage components. Therefore, this 
constitutive model can be used to predict the me-
chanical properties of materials in elastic and damag-
ing ranges if the response functions of these two kinds 
of components reflect the effect of damage. Assem-
bling the responses of two kinds of components, the 
elasto-damage constitutive equations can be derived. 
3. Elasto-damage Constitutive Relation 
3.1. Some basic kinematic relations of finite deforma-
tion 
We consider region B occupied by a homogeneous 
body with a fixed reference configuration, and denote 
an arbitrary material point within B by X. The motion 
of B is then can be regarded as a smooth one-to-one 
mapping x = x(X, t) with deformation gradient F given 
by 
             
w w
xF
X
              (22) 
The relation between velocity gradient L and de-
formation gradient F is 
                1 L F F             (23) 
and L can be written as 
        L D W             (24) 
where D and W are the symmetric rate of stretching 
tensor and the antisymmetric rate of spin tensor, re-
spectively. 
The unit vector N of reference configuration be-
comes n with length l after deformation,  
l
  ½°¾  °¿
n F N
n n
              (25) 
Its time rate is 
      n F N L F N L n         (26) 
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Being similar to the extension ratio of atomic bond, 
we define the extension ratio of material line element 
in the direction of n as 
1ln ln( )
2
lO     n n  
T1 ln(( ) : ( ))
2
 N N F F         (27) 
Its time rate is 
2 2e ( ) : e ( ) :
2
O OO       
  n n + n n n n L n n D
n n
 
(28) 
Let n0 denote the unit vector in the direction of n, 
then, 
0
1 e
l
O  n n n             (29) 
Being similar to the volumetric deformation ratio 
related to the variation of electron density, we define 
the volumetric deformation ratio of material volume 
element as 
ln ln(det )JT   F           (30) 
where J is the ratio of volumes of current and refer-
ence configurations. Then, the time rate of T is 
1 1 ( : :J J
J J
T    )  I D I D        (31) 
where I denotes the second-order identity tensor. 
Let V denote the Cauchy stress, the work rate per 
unit reference volume can be expressed as 
:W J  DV                 (32) 
3.2. Elasto-damage constitutive equations 
Once the deformation work rate is obtained, the 
derivation of constitutive equations will follow the 
similar derivation process of traditional continuum 
models. In Eq.(21), the deformation work rate is de-
scribed by the deformation rates of spring-bundle and 
cubage components. The relations between the defor-
mation rates of two kinds of components and the mac-
roscopic deformation rate are set up in the above sec-
tion, therefore the deformation work rate can be ex-
pressed as a function of macroscopic deformation rate. 
Substituting Eq.(28) into Eq.(16), the following 
equation can be attained: 
( )( ) 2 ( ) ( )
C
1
( )e ( ) :
s
n
s s s
s
W f OO 
 
 ¦ n n D    (33) 
Substituting Eq.(31) into Eq.(19), the following 
equation can be attained: 
V ( ) :W p T  I D             (34) 
For the sake of clarity, the superscript “(s)” of 
spring-bundle components is omitted below. Based on 
Eqs.(33)-(34), the deformation work rate can be ex-
pressed as 
2
1
( )e ( ) : ( ) :
n
s
W f pOO T
 
 ¦= n n D I D    (35) 
According to Eq.(32) and Eq.(35), the Cauchy stress 
should be expressed as 
2
1
1 ( )e ( ) ( )
n
s
f p
J
OO T
 
§ ·  ¨ ¸© ¹¦ n n IV    (36) 
Using Eq.(29), Eq.(36) can be written as 
0 0
1
1 ( )( ) ( )
n
s
f p
J
O T
 
§ ·  ¨ ¸© ¹¦ n n IV      (37) 
Since the unit volume of material element for refer-
ence configuration becomes J after deformation and 
that the Cauchy stress is measured with unit volume 
for current configuration, there is a coefficient 1/J in 
the expression of Cauchy stress. Eq.(37) indicates that 
Cauchy stress is composed of two parts. One part is 
the contribution of spring-bundle components, and the 
contribution of a single spring-bundle component is 
f(O)n0  n0/J. The other part is the contribution of 
cubage component, and it is a typical hydrostatic 
pressure with value of p(T )/J. Eq.(37) sets up the rela-
tions between the forces of spring-bundle and cubage 
components with the macroscopic stress field. On the 
other hand, the deformations of these two kinds of 
components are related to the macroscopic deforma-
tion field as shown in Eq.(27) and Eq.(30). Therefore, 
it is feasible to transform the strain-stress relations in 
six-dimensional space to the force response functions 
of two kinds of components with only one degree of 
freedom. That is to say, the complex macroscopic re-
sponse of material can be obtained through assembling 
the simple responses of two kinds of components. 
Based on the relation between Kirchhoff stress W and 
Cauchy stress V, the Kirchhoff stress is given by 
2
1
( )e ( ) ( )
n
s
J f pOO T
 
   ¦ n n IW V    (38) 
Correspondingly, the Jaumann rate of the Kirchhoff 
stress is expressed as 
     Ĳ Ĳ W WW W   
4
1
( ( ) 2 ( ))e [( ) : ]( )
n
s
f f OO O 
 
c    ¦ n n D n n  
2 T
1
( )e [ ( ) ( ) ]
n
s
f OO 
 
    ¦ +L n n n n L  
2
1
( )e [( ) ( )]
n
s
f OO 
 
     ¦ n n W W n n  
( )( : )p Tc I D I   
4
1
( ( ) 2 ( ))e [( ) : ]( )
n
s
f f OO O 
 
c    ¦ n n D n n  
2
1
( )e [ ( ) ( ) ]
n
s
f OO 
 
    ¦ +D n n n n D  
( )( : )p Tc I D I               (39) 
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Its component expression is 
4
1
( ( ) 2 ( ))e
n
ij i j k l kl
s
f f n n n n DOO O 
 
c  ¦W  
2
1
1 ( )e (
2
n
kl j l ik i k jl
s
D f n n n nOO G G
 
 ¦  
) ( )j k il i l jk ij kl kln n n n p DG G T G Gc       (40) 
The Jaumann rate of Kirchhoff stress is objective, so 
that the constitutive equation can be written as 
:
  C DW                (41) 
where C is the tangent stiffness tensor. Its components 
are expressed as 
4
1
( ( ) 2 ( ))e
n
ijkl i j k l
s
C f f n n n nOO O 
 
c  ¦  
2
1
1( ) ( )e (
2
n
ij kl j l ik i k jl
s
p f n n n nOT G G O G G
 
c   ¦  
)j k il i l jkn n n nG G              (42) 
It can be seen from Eq.(42) that the tangent stiffness 
has the character of Voigt symmetry, 
ijkl jikl ijlk klijC C C C              (43) 
At the microscopic level, damage and fracture are 
related to the breaking of atomic bonds which are rep-
resented by the spring-bundle component. When the 
atomic debonding emerges, the corresponding spring- 
bundle component will change its mechanical proper-
ties. That is to say, for spring-bundle component, the 
force f (O) is not linearly related to the deformation O, 
and the tangent stiffness f c(O) is not a constant any-
more. Therefore, Eqs.(41)-(42) describe the elasto- 
damage constitutive relation of material. 
3.3. Constitutive equation of infinitesimal deformation 
In this section, the reduced constitutive relation is 
obtained for the condition of infinitesimal deformation 
and compared with that directly set up by S.        
C. Deng et al.[21] under infinitesimal deformation. The 
material constants in the model are related to the elas-
tic constants of material through comparing with the 
generalized Hooke’s law. 
For infinitesimal deformation, both the expressions 
of Cauchy stress (Eq.(36)) and Kirchhoff stress 
(Eq.(38)) are degenerated to 
1
( ) ( )
n
s
f pO T
 
  ¦ n n IV         (44) 
where n is the unit vector in the direction of 
spring-bundle component, and it is not necessary to 
distinguish the difference between current and refer-
ence configurations. The component expression of 
tangent stiffness (Eq.(42)) is degenerated to 
1
( ) ( )
n
ijkl i j k l ij kl
s
C f n n n n pO T G G
 
c c ¦     (45) 
The tangent stiffnesses of spring-bundle and cubage 
components are denoted as H(O)=f c(O) and K(T ) = 
pc(T ) respectively. Eq.(45) can be then written as 
1
( ) ( )
n
ijkl i j k l ij kl
s
C H n n n n KO T G G
 
 ¦     (46) 
This is the stiffness tensor of material for infinitesimal 
deformation condition, which is consistent with that 
directly obtained under infinitesimal deformation[21]. 
For isotropic elastic materials, the relations between 
forces and deformations of two kinds of components 
are linear. That is to say, the stiffnesses H(O) and K(T ) 
are constants and denoted by H and K. Moreover, since 
the material property for every direction can be identi-
cal, the stiffness of a spring-bundle component repre-
senting the atomic bonds in a little solid angle of ': is 
H h : '                  (47) 
where h is the stiffness of spring-bundle component 
per unit solid angle. Therefore, the component expres-
sion of tangent stiffness can be written in integral 
form: 
dijkl i j k l ij klC hn n n n K
:
: G G ³        (48) 
Since the directions of spring-bundle components 
spread over all spatial orientations, Eq.(48) should be 
integrated over the solid angle of upper hemisphere: 
 
ʌ 2ʌ
2
0 0
sin d dijkl i j k l ij klC hn n n n KM T M G G ³ ³   (49) 
That is 
2 2 ( )
15 15ijkl ij kl ik jl il jk
C h K r hG G G G G G§ · S   S ¨ ¸© ¹    
  (50) 
In continuum mechanics, the stiffness tensor of iso-
tropic elastic materials can be written as 
 (1 )(1 2 )ijkl ij kl
EC Q G GQ Q     
( )
2(1 ) ik jl il jk
E G G G GQ             (51) 
where E is elastic modulus, and Q Poisson’s ratio. 
Comparing Eq.(50) with Eq.(51), it can be derived that 
the relations between the stiffnesses of two kinds of 
components and the elastic constants are as follows: 
15
4 (1 )
(4 1)
2(1 )(1 2 )
Eh
EK
Q
Q
Q Q
½ °S  °¾ ° °  ¿
          (52) 
Therefore, the constitutive relation of the present 
model within elastic range is consistent with genera- 
lized Hooke’s law. 
No.6 Liu Fang et al. / Chinese Journal of Aeronautics 23(2010) 686-697 · 693 · 
 
4. Elasto-plastic Damage Constitutive Relation 
The above-mentioned elasto-damage constitutive 
relation is based on pair functional potentials. How-
ever, due to the length of bonds are not changed by the 
atomic movement along the direction of being perpen-
dicular to the atomic bond, the lattice structure is 
hardly changed and cannot be modelled by simple pair 
functional potentials. The introduction of the concept 
of dislocations by G. I. Taylor[26] marked the first deci-
sive step for explaining the phenomenon of plastic 
deformation.  
Dislocation slip is the main plastic deformation 
mechanism for the most of metals. The well-known 
experimental evidence is that the earliest-appearing 
slip lines of polycrystalline metals are always parallel 
to the plane with the largest shear stress exerted. 
Therefore, in polycrystalline aggregate, a close ap-
proximation can be obtained by assuming that the slip 
can occur along all planes within a homogeneously 
loaded element[27]. In the previous work[22], crystal 
plasticity is extended to polycrystalline, and the slip 
component is obtained. Slip components describe the 
macro characteristics of slip systems within different 
crystals which have the same orientation tensor. 
Analogous simplification can be traced back to 1940s 
when S. B. Batdorf and B. Budiansky proposed a sim-
ple slip theory[28], in which each grain has only one 
slip system. J. B. Martin[27] assumed that the slip can 
occur along all planes within materials. T. C. Wang[29] 
proposed a macro slip theory, in which four independ-
ent slip systems are used for polycrystalline solids. N. 
G. Liang, et al.[30] proposed a meso elasto-plastic con-
stitutive model based on equivalent slip systems, in 
which the tiny slip systems being distributed randomly 
between crystal slices of micro-grains or on grain 
boundaries are replaced by macro equivalent slip sys-
tems. In the previous works, the slip component has 
been proposed to describe the plastic deformation in 
the case of infinitesimal deformation[22]. In this sec-
tion, the response of slip component is described 
within the framework of finite deformation, and then 
the corresponding plastic constitutive relation can be 
extended to finite deformation. 
It should be noticed that the slip deformation usually 
does not influence the elastic property of material, so 
the above-mentioned elasto-damage constitutive rela-
tion still holds for elastic deformation. 
In a crystalline solid, an increment of deformation is 
considered to be generated in two steps. The first, 
starting from the reference state, and it is generated 
through a process of simple shears on slip systems. 
The deformation gradient of this step is called plastic 
deformation gradient and denoted by F p. The plastic 
deformation caused by dislocation slip will deform and 
rotate the material but not affect the lattice structure. 
Following this is a process of lattice deformation, the 
deformation gradient of this step is called elastic de-
formation gradient and denoted by F e. The material 
and lattice will deform and rotate together under the 
elastic deformation. The basic kinematic sketch is 
shown in Fig.3. Thus, the deformation gradient is de-
composed as 
e p F F F                 (53) 
 
Fig.3  Kinematic model of elasto-plastic deformation in 
crystalline media. 
The response of plastic deformation based on slip 
components is similar to that of crystal plasticity the-
ory[31]. Let S(D) and N(D) be the unit vectors in the slip 
direction and the normal direction of slip plane of slip 
component D in the reference configuration. Since the 
plastic deformation does not change the structure of 
lattice, the slip direction and the normal of slip plane 
are not changed after plastic deformation, as shown in 
Fig.3. After elastic deformation, the slip direction and 
the corresponding normal direction of slip component 
D will become to be s(D) and n(D), which satisfy 
( ) e ( )D D s F S             (54) 
and 
( ) ( ) e 1( )D D  n N F           (55) 
respectively. 
Accordingly, we define the second-order symmetric 
tensor P(D) and antisymmetric tensor Q(D) as 
1 ( )
2
D D D D D   ( ) ( ) ( ) ( ) ( )P s n n s     (56) 
and 
1 ( )
2
D D D D D  ( ) ( ) ( ) ( ) ( )Q s n n s     (57) 
respectively. 
The kinematic and kinetic variables of the slip 
component D are shearing deformation J (D) and re-
solved shear stress W (D), respectively. The resolved 
shear stress is computed using Schmid law, 
( ) ( ) ( ): :JD D DW   P PV W       (58) 
The time rate of W (D) is 
( ) ( ) ( ): :D D DW     Ĳ P PW  
( ) e e ( )  : ( ) :D D     P W W PW W W  
( ) ( ) e( ) :D D Q Ĳ Ĳ Q D           (59) 
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Considering the Jaumann rate of the Kirchhoff 
stress tensor based on the lattice spin W e, 
e( )
e e     
W
Ĳ Ĳ W W ĲW         (60) 
The elasto-damage constitutive equation can be written 
as 
e( )
e e:
  
W
C DW               (61) 
where the components of elasto-damage stiffness ten-
sor are determined by Eq.(42). It should be noticed 
that the variables related to deformation gradient F in 
Eq.(42) should be calculated using elastic deformation 
gradient F e instead of F.  
Substituting Eqs.(60)-(61) into Eq.(59), it can be 
obtained that 
( ) ( ) e ( ) ( ) e( : ) :D D D DW       P C Q Q DW W  
( ) e ( ) ( ) p ( : ) : ( )D D D    P C Q Q D D W W  
( ) p: ( )D D DO                (62) 
where 
( ) ( ) e ( ) ( ):D D D D   P C Q QO W W       (63) 
In the theory of crystal plasticity, the symmetric and 
antisymmetric parts of plastic velocity gradient have 
following relationship with the second-order tensors 
P(D) and Q(D), 
   p
1
m D D
D
J
 
 ¦ D P             (64) 
p ( ) ( )
1
m D D
D
J
 
 ¦ W Q            (65) 
Substituting Eq.(64) into Eq.(62), the time rate of re-
solved shear stress is 
( ) ( ) ( ) ( )
1
:
mD D D D
D
W J
 
§ · ¨ ¸© ¹¦  D PO         (66) 
According to the generalized Schmid’s law, the re-
solved shear stress W (D) of the slip component D must 
reach its critical value ( )cr
DWr , the slip component is then 
called the potentially active or critical component. 
Otherwise, it is called the noncritical component. For 
the component D being remaining active, W (D) must 
increase to and remain at the critical value ( )cr
DWr ,  
( ) ( ) ( )
cr
( ) ( ) ( )
cr
        0
        0
D D D
D D D
W W W
W W W


½ ! °¾  °¿
  
            (67) 
For noncritical or inactive slip components, there is 
( ) 0DJ                   (68) 
During the slipping process, considering the latent 
hardening, it is assumed that the time rate of critical 
resolved shear stress is linearly related to the shearing 
rates on slip components. The time rate of critical re-
solved shear stress on the component D is given by 
 
( ) ( ) ( ) ( ) ( )
cr cr cr
1 1
( ) ( ) ( ) ( )
cr cr cr
1 1
,      0
,      0
m m
m m
h b h
h b h
D E D D E
DE DE
E E
D E D D E
DE DE
E E
W J W W J
W J W W J
  
  
  
  
½  ! °°¾°   °¿
¦ ¦
¦ ¦
   
   
(69) 
where hDE is the hardening modulus, D =E denotes the 
self-hardening moduli and D z E the latent-hardening 
moduli; b is the Bauschinger effect parameter. When 
 
1
m
h EDE
E
J
 
¦  >0, the slip component D slips along the 
positive direction, the positive critical resolved shear 
stress changes due to hardening, and the negative one 
will change through Bauschinger effect, i.e.  crDW    
 
crb
DW , and vice versa.  
The two critical resolved shear stresses ( )cr
DW  and 
( )
cr
DW  serve as the state variables of slip component D. 
The evolution of state variables of slip components is 
different according to their directions, which reflects 
the character of anisotropy induced by plastic defor-
mation. 
For the active slip components, Eq.(67) holds. Sub-
stituting Eq.(66) and Eq.(69) into Eq.(67), we obtain 
( ) ( ) ( ) ( )
1 1
:
m m
hD D D EDE
D E
J J
  
§ ·  ¨ ¸© ¹¦ ¦ D PO     (70) 
Then, 
 ( ) ( ) ( ) ( ) ( )
1 1
: ( : )
m m
h gD D E E EDE DE
E E
J J
  
   ¦ ¦ D PO O  (71) 
where 
( ) ( ):g h D EDE DE  PO         (72) 
Consequently, for the active slip component D, the 
shearing rate can be expressed as 
( ) 1 ( )
1
( ) :
m
gD EDE
E
J 
 
 ¦ DO        (73) 
Using Eq.(61), and Eqs.(63)-(65), the Jaumann rate 
of Kirchhoff stress based on the continumm spin W is 
     Ĳ W WW W W   
e e p p          W W W WW W W W W  
e p ( ) ( ) ( )
1
: ( ) ( )
m D D D
D
J
 
     ¦ C D D Q QW W  
e ( ) e ( ) ( ) ( )
1
: ( : )
m D D D D
D
J
 
    ¦ +C D C P Q QW W  
e ( ) ( )
1
:
m D D
D
J
 
¦ C D O            (74) 
Substituting Eq.(73) into Eq.(74), the resulting con-
stitutive law is expressed as 
e 1 ( ) ( ) epd
1 1
( ) : :
m m
g D EDE
D E
 
  
§ ·  ¨ ¸¨ ¸© ¹¦¦ =C D C DW O O  
(75) 
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where the sum runs over the active slip components. 
C epd is the elasto-plastic damage stiffness tensor ex-
pressed by 
epd e 1 ( ) ( )
1 1
( )
m m
g D EDE
D E

  
 ¦¦=C C O O     (76) 
where the elasto-damage stiffness tensor C e is deter-
mined by Eq.(42). 
To sum up, the spring-bundle and cubage compo-
nents describe the elasto-damage constitutive relation 
and bear the stress together. Under the same stress 
condition, the slip components produce corresponding 
plastic deformation. Therefore, the plastic deformation 
is an attached one without having influence on stress 
state. The coupling between plasticity and damage is 
excluded in above development processes. The model 
assembled with these three kinds of components de-
scribes the elasto-plastic damage constitutive relation 
under finite deformation and is called component as-
sembling model. Being different from traditional con-
tinuum models, the basic research element of this 
model is component rather than representative volume 
element, and the mechanical property of material is 
described on components rather than on the represen-
tative volume element for expressing the strain-stress 
relations. The mechanical behavior of material is ob-
tained by assembling the responses of these three kinds 
of components. 
5. Calibration of Model Parameters 
In this section, the numerical simulations are per-
formed to show the feasibility of the proposed model 
and illustrate how to calibrate the model parameters. J. 
Lemaitre’s case study of tensile loading for copper[32] 
is simulated. In experiment, the damage elasticity 
modulus E  is given together with the strain-stress 
curve. The simulation is performed under plane stress 
condition. The response function of the spring-bundle 
component is conforming to the two-branch law[22], 
and it is the same for tension and compression. The 
damage threshold and failure strains are set as 
Oe=0.003 5 and Oc=0.19 respectively, which are deter-
mined by the variation of damage elasticity modulus. 
The response function of the slip component is con-
forming to the exponential law, W = c(J +J 0)m, 
where  1/00 c r mcJ W . The parameters used in this 
simulation are c= 273.7 MPa and m=0.5, and the initial 
positive critical resolved shear stress is 
0
crW = 110 MPa. They are calibrated through the 
strain-stress curve as shown in Fig.4. Using these pa-
rameters, with strain being referring to Green strain 
E= 1
2
(FT·F  I), plastic strain being referring to 
Ep= 1
2
((F p)T·F p I), and stress being referring to 
Cauchy stress V, the plastic strain-damage curve is 
predicted, and the comparisons between the experi-
mental data and the predicted data obtained through 
using the present theory can be seen from Fig.5. 
 
Fig.4  Comparison of strain-stress curve between simula-
tion results of present model and experimental 
data. 
 
Fig.5  Comparison of plastic strain-damage curve between 
prediction results of present model and experimental 
data. 
The elasto-damage constitutive relation under the 
infinitesimal deformation has been successfully util-
ized to model the response of materials and structures 
previously[21]. The damage induced anisotropy of 
quasi-brittle materials is investigated in detail[24]. The 
elasto-plastic damage constitutive relation has been 
also validated preliminarily by a tensile numerical 
example[22]. These previous applications of the consti-
tutive equations derived under the condition of infini-
tesimal deformation directly demonstrate that this 
model can describe the mechanical characteristics in 
elastic, plastic, damage and failure phases and reflect 
the deformation induced anisotropy under complex 
loading conditions. The above-mentioned example of 
tensile loading illustrates the potential of applying the 
present model to the case of finite deformation. Fur-
ther application of the constitutive relations under fi-
nite deformation will be the focus of forthcoming arti-
cles to be presented by the current authors. 
6. Conclusions 
(1) A material model assembling with spring-bundle 
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components, a cubage component and slip components 
is established, and the corresponding elasto-plastic 
damage constitutive relation is derived under finite 
deformation. The present model is based on pair func-
tional potentials theory, Cauchy-Born rule and slip 
mechanism. Different from the phenomenological 
constitutive theories, the mechanical property of mate-
rials is described on components rather than on the 
representative volume element. 
(2) This constitutive model can predict the me-
chanical properties of material in elastic, plastic and 
damage range in the case of finite deformation. 
(3) The state variables of spring-bundle components 
and slip components are naturally different with their 
different orientations, thus the proposed approach will 
be able to model anisotropic materials better. More-
over, the evolution of state variables is attained di-
rectly through the stress applied on spring-bundle and 
slip components which record the deformation history 
of materials and make the proposed model have the 
potential to deal with the problem of complex loading.  
(4) The same kind of component follows the same 
evolution rule, which makes it be easy to realize the 
computer programming. 
(5) The application of the present model reveals that 
it has the ability to reproduce the experimental results 
and predict the mechanical behavior of material and 
structure. 
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